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1

CO-SIMULATION PROCEDURES USING
FULL DERIVATIVES OF OUTPUT
VARIABLES

BACKGROUND OF THE INVENTION

The embodiments described herein relate generally to co-
simulation methods for use with simulation of models of
real-world objects and, more particularly, to using parallel
execution of the methods during such simulations.

Science and engineering often require modeling of physi-
cal systems in order to solve problems. Models of the prob-
lems can then be solved without the need of constructing and,
frequently, destroying, physical specimens. However, com-
plex multi-disciplinary systems need to be broken up into
multiple subsystem models, where the various sub-problems
are examined and solved. The term “co-simulation” refers
generally to an approach to simulating coupled technical
systems. For example, in a master-slave system, one or more
slave subsystems would simulate sub-problems while the
master system coordinates the overall simulation and trans-
fers data between slave subsystems. The slave subsystems
can be “coupled” in order to communicate data during simu-
lation at certain times.

At least some known processes for addressing co-simula-
tion problems are based on establishing specific rules of
transferring output variables, or some combinations of output
variables, from one subsystem at a “rendezvous” or “commu-
nication” time to another subsystem as input variables, and
vice versa at the same or previous time. The stability of such
processes depends on how strong the coupling conditions are
relative to the stiffness of the subsystems themselves. Typi-
cally, such processes require subsystems to be processed in a
specific order. However, such a requirement requires knowl-
edge of the numerical properties of the individual subsystems
and coupling conditions. This prevents using a generic co-
simulation procedure from being built and used to analyze
different problems. Moreover, such a requirement can greatly
reduce performance in analyzing the overall model because it
does not enable a parallel co-simulation computational pro-
cedure.

Other, more advanced processes address the issues of sta-
bility and accuracy in co-simulation techniques by utilizing
stabilized modular time integration approaches that can be
applied to coupled differential algebraic equations. Such pro-
cesses are based on the use of Jacobian matrices that corre-
spond to algebraic equations between input and output vari-
ables. When algebraic loops are present in a system, known
co-simulation processes may become computationally
unstable. For example, this will happen if, for a pair of explic-
itly dependent input variables of a first subsystem and output
variables of a second subsystem, input variables of the second
subsystem also explicitly depend on the output variables of
the first subsystem. Iterative processes for algebraic variables
are sometimes used in such cases to improve stability.

For systems that do not include algebraic loops, non-itera-
tive linearly implicit stabilization processes enable a specific
chain of communication to be established between the incre-
ments of input and output variables at the communication
time points. Linear implicit behavior for the output and state
variables is often assumed between the communication
points for each subsystem. However, this approach requires
certain multiplications of Jacobian matrices, corresponding
to specific subsystem integration schemes, to be communi-
cated between co-simulated subsystems.

Furthermore, some known processes use a domain decom-
position approach for solving problems in structural dynam-
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2

ics, for example. Such processes address co-simulation using
condensed components of subsystem matrices that are
exposed in the interfaces between subsystems. These matri-
ces are constructed based on time integration equations for
each subsystem.

The approaches described above use a modular approach
that assumes communication of only the output and input
variables and only at the communication points, which may
lead to unstable co-simulation processes. Moreover, these
approaches require investigation of the presence of algebraic
loops in the algebraic system of input-output relationships.
Furthermore, these approaches are dependent on the order in
which the subsystems are processed and, consequently, pre-
vent the co-simulation process from running in parallel.

BRIEF DESCRIPTION OF THE INVENTION

In one aspect, a computer-implemented method includes
computing a Jacobian matrix based on output derivatives
related to corresponding first input variables for each of a
plurality of subsystems, modifying the first input variables,
and computing second input variables and residuals for each
of the plurality of subsystems based on corresponding state
variable derivatives.

In another aspect, a computer includes a memory area and
aprocessor coupled to the memory area. The memory area is
configured to store a Jacobian matrix, output derivatives, first
and second input variables for each of a plurality of sub-
systems, residuals for each of the plurality of subsystems, and
state variable derivatives corresponding to the first input vari-
ables and residuals. The processor is configured to commu-
nicate with the memory area to compute the Jacobian matrix
based on the output derivatives related to the corresponding
first input variables for each of the plurality of subsystems,
modify the first input variables, and compute the second input
variables and the residuals for each of the plurality of sub-
systems based on the corresponding state variable deriva-
tives.

In another aspect, a computer program product includes
one or more non-transitory computer-readable storage media
having computer-executable components thereon. The com-
puter-executable components include a Jacobian matrix com-
ponent that when executed by a processor causes the proces-
sor to compute a Jacobian matrix based on output derivatives
related to corresponding first input variables for each of a
plurality of subsystems. The components also include a modi-
fication component that when executed by a processor causes
the processor to modify the first input variables, and a second
derivative component that when executed by a processor
causes the processor to compute second input variables and
residuals for each of the plurality of subsystems based on
corresponding state variable derivatives.

BRIEF DESCRIPTION OF THE DRAWINGS

The details of one or more embodiments of the invention
are set forth in the accompanying drawings and the descrip-
tion that follows. Other features, objects, and advantages of
the invention will be apparent from the description and draw-
ings, and from the claims.

FIG. 1 is a flowchart that illustrates an exemplary com-
puter-implemented method for use in simulating a model of a
physical object.

FIG. 2 is a schematic block diagram of an exemplary com-
puter network for use with the method shown in FIG. 1.

FIG. 3 is a schematic block diagram of an exemplary com-
puter architecture for use with the method shown in FIG. 1.
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DETAILED DESCRIPTION OF THE INVENTION

Exemplary embodiments of systems, methods, apparatus
(computers), and computer program products for use in simu-
lating models of three-dimensional objects are described
herein. The embodiments described herein facilitate simulat-
ing dynamic behavior of complex engineering systems,
which are comprised of several subsystems and is often per-
formed by a modular approach in which the global system is
naturally decomposed into several subsystems. As a result of
such approach each individual subsystem can be modeled and
analyzed separately and even in parallel by means of
exchange of information between different software compo-
nents used to model each subsystem. The examples of such
systems could be high precision tool machines or modern
automobiles requiring the modeling of multiple components
which may represent different engineering fields (different
physics), e.g. mechanics, controls, electronics, hydraulics,
etc. More specifically, the embodiments described herein
facilitate communicating proper components of full Jacobian
matrices. These Jacobian matrices include partial derivatives
of output variables with respect to inputs, thereby represent-
ing direct output-to-input dependency. Moreover, the Jaco-
bian matrices include derivatives related to output-to-input
dependency via state variables, thereby representing indirect
output-to-input dependency. Further, the embodiments
described herein eliminate the need to inspect for the pres-
ence of algebraic loops and provide an enhanced global sys-
tem Jacobian matrix that can be used to update input incre-
ments. In addition, the embodiments described herein
facilitate parallel time integration of individual subsystems,
thereby enhancing performance in the overall simulation and
analysis of a model.

FIG. 1 is a flowchart 100 that illustrates an exemplary
computer-implemented method for use in simulating
dynamic behavior of complex engineering systems com-
prised of several subsystems. As described above, a co-simu-
lation process is one in which several time-dependent simu-
lations proceed independently between “rendezvous” or
“communication” time points t, for n=0, 1, .. . n where n,is
the total number of co-simulation steps. At each communica-

; a7 (9g? OF? +13g2
3y 0x2 9x2  Ju?
a2 (agt oF! +ag1 ;
ayl\ oxt dul = Ju!
J=
azrl(agt aF gt azl(ag? dF* oag?
Ayl | 0xL Bul T Bul| T 8y2 | 042 82~ Bil
a7 (gt aF' g A7 (dg? 9F? ag?
Toy | 3l T aaT| T8\ e aur Tal) T

tion point, an exchange of information occurs between indi-
vidual subsystem simulations. The entire co-simulation pro-
cess proceeds from the initial time t,,,~t, to the end time
it Consequently, in some embodiments, there is no
data exchange between the individual subsystem simulations
at any point between t, and t,, ;. However, in such embodi-
ments, it is not assumed that the co-simulation time steps
between At,, =t,, -t, are the same. Moreover, in some
embodiments, the behavior of each individual subsystem
simulation is described by an ordinary differential equation as

shown in Equations (1) and (2):

RO (D)4 (1) Eq. (1)

VO=gE 00 0),i=1, . .. 7 Eq. (2)
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where X't represents state variables of the i-th subsystem; u’
and y’ represent input and output variables for the same sub-
system, respectively; and r=2 is the number of subsystem in
the co-simulation process.

Coupling two or more subsystems is governed by linear or
non-linear algebraic input-output relationships, as shown in
Equation (3):

O=Z Y0, =1,. .. 5j=)i=1,...r Eq. (3)

For example, for the case of two subsystems, a coupling
equation could be written as shown in Equation (4):

w2 020y (0) Eq. (4)

Assuming that all of the inputs are linear between the
communication points leads to Equation (5):

Uy () =D+ (1= 1) Eq. (5)

i
w(1) =
Intl —In

where state and output variables for all individual subsystems
at the time t,,, may be approximated as shown in Equation

(6):
Kot =F @ 0, 1), Eq. (6)
Vet =& E W, ) 1 1)

Notably, the variables x,” and u,; are always available at the
beginning of each co-simulation time step. When an approxi-
mation of input variables at the end of this step u,,, ;" is known,
an increment of the input variables Au, , ,* is determined from
the solution of the system of linear equations, as shown in
Equation (7):

JAu,, =h Eq. (7)

where J is a full-coupled Jacobian matrix of the input-output
relation, and as expressed in Equation (8):

Eq. 8)
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Here h is the current residual of the input-output relationship,
as expressed in Equation (9):

ﬁfwl ), ﬁfwl P E-BOES ﬁrlﬁ»l
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-continued
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Based on the above equations, it should be apparent that '°

each individual subsystem simulation j supplies a full deriva-
tive of its own output with respect to its inputs

. . . . 15
dg! dg'oF’ g’
dw ~ 3x duwl " dul’

which include contributions from corresponding derivatives
of state variables and are computed at the beginning of a
respective co-simulation step.

The

20

AF/ 25

A

value can be approximated in a number of ways. Two will be
described here but one of skill in the art will understand that
other methods may be used. The two described herein rely on
applying methods of approximating derivatives.

The first method of approximating

. 35
aF/

A

is to use divided differences as shown in Equation (10):
40

Fi(x, u{;,ﬁﬁﬂ +sep)— Fi(x, u{;,ﬁﬁﬂ) " Eq. (10)

aF T
S| P, ) w e - U,

i
ul s U1)

&

where € is a suitably small number and e,, is the m-th unit-

vector. The column dimension of each matrix 50

aFi
Jul
55
is equal to the dimension of corresponding vector of input
variables v/.
The second method of approximating

60
AF/

A

is to use a Padé-approximation of a matrix-exponential for the 65
linearized system. Specifically, a (2,1)-Padé approximation
results in Equation (11):

oF 1(1 L o u)) 1]"aff(xf;,u,f;> Eg. (1D
ow T2\ ot a4, 3 aul

Tt should be understood that a higher order Padé-approxi-
mation may also be used. This approximation can be com-
puted directly or may alternatively be combined with the
simulation of subsystem j since implicit integration methods
for each subsystem are also approximate

af (g uf)

ax,

Moreover, some embodiments transform this matrix to Hes-
senberg form to handle subsystem integration with varying
step-sizes more efficiently, which enhances speed in solving

3 fi(xl, uf) ]*
Joo— ——2 1.
( ¢ %, d

y for an arbitrary matrix y and arbitrary non-zero scalars o, 3.

One advantage of the embodiments described herein is the
use of these derivatives, which are completely independent of
each other, and are computed in parallel by each individual
subsystem simulation process. State variables, derivatives of
the state variables, and the algorithm used by each individual
subsystem simulation process to perform integration between
communication points remain completely internal or local-
ized within each process and are not visible to other sub-
system simulation processes or to the global or master co-
simulation driver. The only visible quantity provided by each
subsystem simulation process, and which quantity is neces-
sary to compute the Jacobian matrix, is a full derivative of the
subsystem simulation process output with respect to an input
computed for predicted values of input variables at the end of
each current co-simulation time increment. The global Jaco-
bian matrix is assembled, or computed, using partial deriva-
tives of each input as a function of all other outputs in the
coupling equation, which is typically represented by an alge-
braic expression, and by the individual output derivatives.

Moreover, final values of all input variables for all sub-
system simulation processes at the end of a given co-simula-
tion time increment t,,, are determined as a result of an
iterative process. On each iteration k, input increments are
determined as a solution of the system of linear equations
presented above. Typically, a Jacobian matrix is computed
and factorized only once per each co-simulation time incre-
ment, while the global residual vector is recomputed at each
iteration based on the updated input variables in Equation
(12):

i i i
U 1ot =ty 1 g FOU 1 51512, 08

Eq. (12)

In an exemplary embodiment, the initial approximation of
the global residual vector is determined for each subsystem
process using a predictor. One predictor is expressed in Equa-
tion (13):

iy, 17—
Ui ) =t A=12,

Eq. (13)

In some embodiments, only a single iteration is performed
to determine the input increments for all of the individual
subsystem simulation processes. However, in the exemplary
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embodiment, several nonlinear iterations are performed to
facilitate enhanced accuracy without sacrificing perfor-
mance.

Another advantage of the embodiments described herein is
that there is no time integration process within each indi-
vidual subsystem simulation process for the residual compu-
tations. Rather, the derivatives of individual state variables
with respect to corresponding inputs

aF
dul

are computed and stored by each individual subsystem simu-
lation process. Accordingly, updated state variables and out-
put variables are approximated based on Equation (14):

i —
Xpili+l = Eq. (14)
PV i P
Fr (0, thyy gy gn) = FO0, 00, 0 ) + v Atlyy 14 =
; oF :
Xpp1p + WA”nH,k’ i=12,...,r

In an exemplary embodiment, Equation (14) is more effi-
ciently computed based on the exact solution of the ordinary
differential equation shown in Equation (15):

) aF . AF . Eq. (15)
AX (D) = =—AX (D) + —i (1 —1,),
Ixi dui
) Adl
L, <T<ly, AX(,)=0,i = L1
Intl —In

Notably, Equation (15) leads to a different solution than
one that is obtained under an assumption of linear behavior of
state variables between neighboring communication time
points.

After the iterative process for the nonlinear system of
input-output relations is complete, the final values of input
variablesu,,’,i=1, 2, .. .,rare determined, and the corrector
integration for each individual subsystem simulation process
is computed to complete the integration process for a given
co-simulation time increment. These calculations are inde-
pendent of each other and, therefore, can be performed in
parallel. The calculations are shown in Equations (16) and
17):

Fraat =@, 0011 Eq. (16)

Yt = E 0, ) ) Eq. (17)

Referring now to FIG. 1, the process steps are shown for a
single co-simulation time increment across a plurality of
simulation subsystems. As used herein, the term “predictor”
refers to an independent variable that represents a value being
manipulated or changed. A predictor-corrector method pro-
ceeds in two steps. First, the prediction step calculates a rough
approximation of the desired quantity. Second, the corrector
step refines the initial approximation using another means. In
an exemplary embodiment, a single co-simulation increment
begins by computing 102 input increments and a first set of
residuals for all subsystems using corresponding predictors.
A Jacobian matrix is then computed 104 based on output
derivatives related to a corresponding first set of input vari-
ables for each of the subsystems. More specifically, output
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8

derivatives related to the corresponding first set of input vari-
ables are computed 106 for each of the subsystems, the Jaco-
bian matrix is assembled 108, and the Jacobian matrix is then
factorized 110.

In an exemplary embodiment, the Jacobian matrix is used
to modify 112 the input variables. More specifically, the
residuals are assembled 114 and input increments are com-
puted based on the factorized Jacobian matrix. A second set of
input variables and a second set of residuals are then com-
puted 116 for each of the subsystems based on corresponding
state variable derivatives. Final outputs are computed 118 for
each of the subsystems based on corresponding correctors,
and relevant data is stored 120 in a memory area. If subse-
quent time increments are necessary when t,,,<t; ., the
process begins again with computation 102 of input incre-
ments and residuals for all subsystems using corresponding
predictors on the subsequent time step.

FIG. 2 is a schematic block diagram of an exemplary com-
puter network 200 for use in simulating dynamic behavior of
complex engineering systems comprised of several sub-
systems, and/or for use in performing the processes described
above and/or additional processes that may be related to those
described above. In an exemplary embodiment, a memory
area 202 includes one or more storage devices 204 for use in
storing data, such as input increments, residuals, predictors,
output derivatives, one or more Jacobian matrices, state vari-
able derivatives, final system outputs, correctors, or any other
suitable data. In some embodiments, the memory area 202 is
coupled to a server system 206, which is in turn coupled to
client systems 208 such as an administrator system and/or a
user system, via a network 210. The storage devices 204 may
be embodied as one or more databases, may be located at a
single or at multiple geographical sites, or may be integrated
with the server system 206.

As can be appreciated, the network 210 can be a public
network, such as the Internet, or a private network such as an
LAN or WAN network, or any combination thereof and can
also include PSTN or ISDN sub-networks. The network 210
can also be wired, such as an Ethernet network, or can be
wireless such as a cellular network including EDGE, 3G, and
4G wireless cellular systems. The wireless network can also
be WiF1i, Bluetooth, or any other wireless form of communi-
cation that is known. Thus, the network 210 is merely exem-
plary and in no way limits the scope of the present advance-
ments.

The client systems 208 can be any suitable computer archi-
tecture such as the one described below with reference to FIG.
3, or any other computing architecture that is known. More-
over, it should be understood that the server system 206 is
configured to perform the processes described above and/or
any additional processes that may be related to those
described above.

The server system 206 stores the computer-readable
instructions to execute the processes described above, and
provides these instructions via the network 210 to the client
systems 208. Moreover, the server system 206 can also pro-
vide data from the memory area 202 as needed to the client
systems 208 such that the client systems 208 execute the
processes described above. As such, FIG. 2 includes imple-
mentations of the computer system 200 via cloud computing,
distributed computing, and the like.

During operation, the server system 206 and the client
systems 208 interact to perform the steps described above in
FIG. 1. For example, the server system 206 performs opera-
tions within a single co-simulation increment by computing
input increments and a first set of residuals for all subsystems
using corresponding predictors. The server system 206 then
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computes a Jacobian matrix based on output derivatives
related to a corresponding first set of input variables for each
of the subsystems. More specifically, output derivatives
related to the corresponding first set of input variables are
computed on the basis of corresponding state variable deriva-
tives for each of the subsystems, the Jacobian matrix is
assembled, and the Jacobian matrix is then factorized. More-
over, in an exemplary embodiment, the server system 206
uses the factorized Jacobian matrix to modify the first set of
input variables. More specifically, the first set of residuals is
assembled and input increments are computed based on the
factorized Jacobian matrix. The server system 206 then com-
putes a second set of input variables and a second set of
residuals for each of the subsystems based on corresponding
state variable derivatives. The server system 206 also com-
putes final outputs for each of the subsystems based on cor-
responding correctors, and stores the data in memory area
202. The server system 206 may also transmit the final out-
puts and/or the data to one or more client systems 208 for
display to a user.

FIG. 3 is a schematic block diagram of an exemplary com-
puter architecture 300 for use with the server system 206
and/or the client systems 208 (each shown in FIG. 2).

In an exemplary embodiment, the computer architecture
300 includes one or more processors 302 (CPU) that performs
the processes described above and/or any additional pro-
cesses that may be related to those described above. It should
be understood that the term “processor” refers generally to
any programmable system including systems and microcon-
trollers, reduced instruction set circuits (RISC), application-
specific integrated circuits (ASIC), programmable logic cir-
cuits, and/or any other circuit or processor capable of
executing the functions described herein. The above
examples are exemplary only and, thus, are not intended to
limit in any way the definition and/or meaning of the term
“processor.”

The steps of the processes described above and/or any
additional processes that may be related to those described
above may be stored as computer-executable instructions in,
for example, a memory area 304 that is operably and/or com-
municatively coupled to the processor 302 by a system bus
306. A “memory area,” as used herein, refers generally to any
means of storing non-transitory program code and instruc-
tions executable by one or more processors to aid in simulat-
ing dynamic behavior of complex engineering systems com-
prised of several subsystems, and/or for use in performing the
processes described above and/or additional processes that
may be related to those described above. The memory area
304 may include one, or more than one, forms of memory. For
example, the memory area 304 may include random-access
memory (RAM) 308, which can include non-volatile RAM,
magnetic RAM, ferroelectric RAM, and/or other forms of
RAM. The memory area 304 may also include read-only
memory (ROM) 310 and/or flash memory and/or electrically-
programmable read-only memory (EEPROM). Any other
suitable magnetic, optical, and/or semiconductor memory,
such as a hard-disk drive (HDD) 312, by itself or in combi-
nation with other forms of memory, may be included in the
memory area 304. The HDD 312 may also be coupled to a
disk controller 314 for use in transmitting and receiving mes-
sages to and from the processor 302. Moreover, the memory
area 304 may also be, or may include, a detachable or remov-
able memory 316, such as a suitable cartridge disk, CD-ROM,
DVD, or USB memory. The above examples are exemplary
only and, thus, are not intended to limit in any way the
definition and/or meaning of the term “memory area.”
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The computer architecture 300 also includes a display
device 318 that is coupled, such as operatively coupled, to a
display controller 320. The display controller 320 receives
data via the system bus 306 for display by the display device
318. The display device 318 may be, without limitation, a
monitor, a television display, a plasma display, a liquid crystal
display (LCD), a display based on light-emitting diodes
(LED), a display based on organic LEDs (OLED), a display
based on polymer LEDs, a display based on surface-conduc-
tion electron emitters, a display including a projected and/or
reflected image, or any other suitable electronic device or
display mechanism. Moreover, the display device 318 may
include a touchscreen with an associated touchscreen control-
ler 320. The above examples are exemplary only and, thus, are
not intended to limit in any way the definition and/or meaning
of'the term “display device.”

In addition, the computer architecture 300 includes a net-
work interface 322 for use in communicating with a network
(not shown in FIG. 3). Moreover, the computer architecture
300 includes one or more input devices, such as a keyboard
324 and/or a pointing device 326, such as a roller ball, mouse,
touchpad, and the like. The input devices are coupled to and
controlled by an input/output (I/O) interface 328, which is
further coupled to the system bus 306.

A description of the general features and functionality of
the display device 318, keyboard 324, pointing device 326, as
well as the display controller 320, disk controller 314, net-
work interface 322, and I/O interface 328 is omitted herein for
brevity as these features are known.

During operation, the processor 302 performs the steps
described above in FIG. 1. For example, the processor 302
performs operations within a single co-simulation increment
by computing input increments and a first set of residuals for
all subsystems using corresponding predictors. The processor
302 then computes a Jacobian matrix based on output deriva-
tives related to a corresponding first set of input variables for
each of the subsystems. More specifically, output derivatives
related to the corresponding first set of input variables are
computed on the basis of corresponding state variables
derivatives for each of the subsystems, the Jacobian matrix is
assembled, and the Jacobian matrix is then factorized. More-
over, in an exemplary embodiment, the processor 302 uses the
factorized Jacobian matrix to modify the first set of input
variables. More specifically, the first set of residuals is
assembled and input increments are computed based on the
factorized Jacobian matrix. The processor 302 then computes
asecond set of input variables and a second set of residuals for
each of the subsystems based on corresponding state variable
derivatives. The processor 302 also computes final outputs for
each of the subsystems based on corresponding correctors,
and stores the data in memory area 304. The processor 302
may also transmit the final outputs and/or the data to the
display controller 320 for display to a user via the display
device 318.

Exemplary embodiments of methods, systems, appara-
tuses, and computer program products for use in simulating
dynamic behavior of complex engineering systems com-
prised of several subsystems are described above in detail.
The methods, systems, apparatuses, and computer program
products are not limited to the specific embodiments
described herein but, rather, some operations of the methods
and/or components of the system and/or apparatus may be
utilized independently and separately from other operations
and/or components described herein. However, in some
embodiments, the above-described sequence of operations of
the methods and/or use of the components of the system
and/or apparatus is necessary for correct operation. Further,
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the described operations and/or components may also be
defined in, or used in combination with, other systems, meth-
ods, and/or apparatus, and are not limited to practice with
only the systems, methods, and storage media as described
herein.

Client computers and servers, such as those described
herein, includes at least one processor or processing unit and
a system memory. The client computers and servers typically
has at least some form of computer readable media. By way of
example and not limitation, computer readable media include
computer storage media and communication media. Com-
puter storage media include volatile and nonvolatile, remov-
able and non-removable media implemented in any method
or technology for storage of information such as computer
readable instructions, data structures, program modules, or
other data. Communication media typically embody com-
puter readable instructions, data structures, program mod-
ules, or other data in a modulated data signal such as a carrier
wave or other transport mechanism and include any informa-
tion delivery media. Those skilled in the art are familiar with
the modulated data signal, which has one or more of its
characteristics set or changed in such a manner as to encode
information in the signal. Combinations of any of the above
are also included within the scope of computer readable
media.

Although the present invention is described in connection
with an exemplary simulation system environment, embodi-
ments of the invention are operational with numerous other
general purpose or special purpose simulation system envi-
ronments or configurations. The simulation system environ-
ment is not intended to suggest any limitation as to the scope
of use or functionality of any aspect of the invention. More-
over, the simulation system environment should not be inter-
preted as having any dependency or requirement relating to
any one or combination of components illustrated in the
exemplary operating environment. Examples of well known
simulation systems, environments, and/or configurations that
may be suitable for use with aspects of the invention include,
but are not limited to, personal computers, server computers,
hand-held or laptop devices, multiprocessor systems, micro-
processor-based systems, set top boxes, programmable con-
sumer electronics, mobile telephones, network PCs, mini-
computers, mainframe computers, distributed computing
environments that include any of the above systems or
devices, and the like.

Embodiments of the invention may be described in the
general context of computer-executable instructions, such as
program components or modules, executed by one or more
computers or other devices. Aspects of the invention may be
implemented with any number and organization of compo-
nents or modules. For example, aspects of the invention are
not limited to the specific computer-executable instructions
or the specific components or modules illustrated in the fig-
ures and described herein. Alternative embodiments of the
invention may include different computer-executable instruc-
tions or components having more or less functionality than
illustrated and described herein.

An exemplary computer program product includes, for
example, one or more non-transitory computer-readable stor-
age media having computer-executable components thereon.
The computer-executable components include a Jacobian
matrix component that when executed by a processor, such as
processor 302 (shown in FIG. 3) or a processor of server
system 206 (shown in FIG. 2) causes the processor to com-
pute a Jacobian matrix based on output derivatives related to
corresponding input variables from a first set of input vari-
ables for each of a plurality of subsystems of a master system
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that represents the physical object. In some embodiments, the
Jacobian matrix component further causes the processor to
factorize the Jacobian matrix. Moreover, in some embodi-
ments, the Jacobian matrix component further causes the
processor to assemble a first set of residuals and compute
input increments based on the factorized Jacobian matrix in
order to compute a second set of input variables.

In an exemplary embodiment, the computer-executable
components also include a modification component that
causes the processor to modify the first set of input variables.
Moreover, in an exemplary embodiment, the computer-ex-
ecutable components include a second derivative component
that causes the processor to compute the second set of input
variables and a second set of residuals for each of the plurality
of subsystems based on corresponding state variable deriva-
tives. In some embodiments, and when the residuals are a
second set of residuals, the second derivative component
causes the processor to compute input increments and a first
set of residuals for each of the plurality of subsystems based
on corresponding predictors.

In some embodiments, the computer-executable compo-
nents also include a first derivative component that causes the
processor to compute the output derivatives related to the
corresponding first set of input variables for each of the plu-
rality of subsystems to facilitate computing the Jacobian
matrix. Moreover, in some embodiments, the computer-ex-
ecutable components include an output component that
causes the processor to compute outputs for each of the plu-
rality of subsystems based on corresponding correctors. In
some such embodiments, the output component also causes
the processor to store in a memory area one or more of the
Jacobian matrix, the output derivatives, the first input vari-
ables, the second input variables, the residuals, and the out-
puts.

The order of execution or performance of the operations in
the embodiments of the invention illustrated and described
herein is not essential, unless otherwise specified. That is, the
operations may be performed in any order, unless otherwise
specified, and embodiments of the invention may include
additional or fewer operations than those disclosed herein.
For example, it is contemplated that executing or performing
a particular operation before, contemporaneously with, or
after another operation is within the scope of aspects of the
invention.

When introducing elements of aspects of the invention or
embodiments thereof, the articles “a,” “an,” “the,” and “said”
are intended to mean that there are one or more of the ele-
ments. The terms “comprising,” including,” and “having” are
intended to be inclusive and mean that there may be addi-
tional elements other than the listed elements.

This written description uses examples to disclose the
invention, including the best mode, and also to enable any
person skilled in the art to practice the invention, including
making and using any devices or systems and performing any
incorporated methods. The patentable scope of the invention
is defined by the claims, and may include other examples that
occur to those skilled in the art. Such other examples are
intended to be within the scope of the claims if they have
structural elements that do not difter from the literal language
of'the claims, or if they include equivalent structural elements
with insubstantial differences from the literal language of'the
claims.

What is claimed is:

1. A computer-implemented method for use in simulating
dynamic behavior of a complex engineering system, said
computer-implemented method comprising:
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by a processor and associated memory:

modeling an engineering system to simulate dynamic
behavior of the engineering system, wherein the model-
ing includes decomposing the engineering system into a
plurality of subsystem models such that each subsystem
model, in parallel, simulates dynamic behavior of a
respective subsystem of the engineering system;

providing an integration process for communicating data
between the plurality of subsystem models to simulate
the dynamic behavior of the engineering system, the
integration process uses dynamic behavior simulation
equations over finite time increments to compute deriva-
tives of a global Jacobian matrix for the modeled engi-
neering system, wherein the global Jacobian matrix rep-
resents output-to-input dependencies between the
plurality of subsystem models of the modeled engineer-
ing system;

computing, by the integration process, the global Jacobian

matrix based on independent, full output derivatives for
each of the plurality of subsystem models, wherein the
output derivatives for each respective subsystem model
are full derivatives of output variables of the respective
subsystem model computed based on: (i) corresponding
state variable derivatives related to corresponding first
input variables for the respective subsystem model, such
that the subsystem model provides a full derivative as
output, the full derivative computed with respect to
derivatives of the first input variables and including con-
tributions from the state variable derivatives, and (ii)
time increments between communication points for the
respective subsystem model, and wherein the output
derivatives for each respective subsystem model are
computed in parallel;

modifying the first input variables;

computing second input variables and residuals for each

respective subsystem model based on the corresponding
state variable derivatives for the respective subsystem
model; and

enabling simulation of the dynamic behavior of the engi-

neering system by using in the simulation the computed
second input variables and residuals of respective sub-
system models, wherein state variable derivatives used
by a respective subsystem model simulation process to
perform integration between communication points
remain localized within the subsystem model simulation
process and are not visible to other subsystem model
simulation processes.

2. A computer-implemented method in accordance with
claim 1, wherein the residuals are second residuals, said com-
puter-implemented method further comprising computing
input increments and first residuals for each of the plurality of
subsystem models based on corresponding predictors.

3. A computer-implemented method in accordance with
claim 1, wherein computing a Jacobian matrix comprises
computing the output derivatives based on the corresponding
state variable derivatives related to the corresponding first
input variables for each of the plurality of subsystem models.

4. A computer-implemented method in accordance with
claim 1, wherein computing a Jacobian matrix comprises
factorizing the Jacobian matrix.

5. A computer-implemented method in accordance with
claim 4, wherein computing second input variables com-
prises:

assembling the residuals; and

computing input increments based on the factorized Jaco-

bian matrix.
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6. A computer-implemented method in accordance with
claim 1, further comprising computing outputs for each of the
plurality of subsystem models based on corresponding cor-
rectors.

7. A computer comprising:

amemory area configured to store a global Jacobian matrix

for a model of a complex engineering system, indepen-
dent, full output derivatives for each of a plurality of
subsystem models of the modeled engineering system,
first and second input variables for each of the plurality
of subsystem models, residuals for each of the plurality
of subsystem models, time increments between commu-
nication points for each of the plurality of subsystem
models, and state variable derivatives corresponding to
the first input variables and residuals; and

a processor coupled to said memory area, said processor

configured to:

model the engineering system to simulate dynamic
behavior of the engineering system, wherein the mod-
eling includes decomposing the engineering system
into the plurality of subsystem models such that each
subsystem model, in parallel, simulates dynamic
behavior of a respective subsystem of the engineering
system,

provide an integration process for communicating data
between the plurality of subsystem models to simu-
late the dynamic behavior of the engineering system,
the integration process use dynamic behavior simula-
tion equations over finite time increments to compute
derivatives of the global Jacobian matrix, wherein the
global Jacobian matrix represents output-to-input
dependencies between the plurality of subsystem
models of the modeled engineering system;

compute the global Jacobian matrix based on the output
derivatives, the integration process computes the glo-
bal Jacobian matrix based on the independent, full
output derivatives for each of the plurality of sub-
system models, wherein the output derivatives for
each respective subsystem model are full derivatives
of output variables of the respective subsystem model
computed based on: (i) corresponding state variable
derivatives related to the corresponding first input
variables for the respective subsystem model, such
that the subsystem provides a full derivative as output,
the full derivative computed with respect to deriva-
tives of the first input variables and including contri-
butions from the state variable derivatives, and (ii)
time increments between communication points for
respective subsystem model, and wherein the output
derivatives for each respective subsystem model are
computed in parallel;

modify the first input variables;

compute the second input variables and the residuals for
each respective subsystem model based on the corre-
sponding state variable derivatives for the respective
subsystem model; and

simulate dynamic behavior of the engineering system
using the computed second input variables and
residuals of the respective subsystem models,
wherein state variable derivatives used by a respective
subsystem model simulation process to perform inte-
gration between communication points remain local-
ized within the subsystem model simulation process
and are not visible to other subsystem model simula-
tion processes.

8. A computer in accordance with claim 7, wherein the
residuals are second residuals, said processor further config-
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ured to compute input increments and first residuals for each
of'the plurality of subsystem models based on corresponding
predictors.

9. A computer in accordance with claim 7, wherein said
processor is further configured to compute the output deriva-
tives related to the corresponding first input variables for each
of'the plurality of subsystem models to compute the Jacobian
matrix.

10. A computer in accordance with claim 7, wherein said
processor is further configured to factorize the Jacobian
matrix.

11. A computer in accordance with claim 10, wherein said
processor is further configured to:

assemble the residuals; and

compute input increments based on the factorized Jacobian

matrix to compute the second input variables.

12. A computer in accordance with claim 7, wherein said
processor is further configured to compute outputs for each of
the plurality of subsystem models based on corresponding
correctors.

13. A computer in accordance with claim 12, wherein said
memory area is further configured to store the outputs.

14. A computer program product comprising:

one or more non-transitory computer-readable storage

media having computer-executable components

thereon, said computer-executable components com-
prising:

a model of an engineering system simulating dynamic
behavior of the engineering system, wherein the
model includes decomposing the engineering system
into a plurality of subsystem models such that each
subsystem model, in parallel, simulates dynamic
behavior of a respective subsystem of the engineering
system,

an integration process for communicating data between
the plurality of subsystem models to simulate the
dynamic behavior of the engineering system, the inte-
gration process uses dynamic behavior simulation
equations over finite time increments to compute
derivatives of a global Jacobian matrix for the model
of the engineering system, wherein the global Jaco-
bian matrix represents output-to-input dependencies
between the plurality of subsystem models of the
modeled engineering system;

a global Jacobian matrix component for the model of the
engineering system that when executed by a proces-
sor causes the processor to compute the global Jaco-
bian matrix based on independent, full output deriva-
tives for each of a plurality of subsystem models of the
model of the engineering system, wherein the output
derivatives for each respective subsystem model are
full derivatives of output variables of the respective
subsystem model computed based on: (i) correspond-
ing state variable derivatives related to corresponding
first input variables for the respective subsystem
model, such that the subsystem model provides a full
derivative as output, the full derivative computed with
respect to derivatives of the first input variables and
including contributions from the state variable deriva-
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tives, and (ii) time increments between communica-
tion points for the respective subsystem model, and
wherein the output derivatives for each respective
subsystem model are computed in parallel;

a modification component that when executed by a pro-
cessor causes the processor to modify the first input
variables; and

a second derivative component that when executed by a
processor causes the processor to compute second
input variables and residuals for each respective sub-
system model based on the corresponding state vari-
able derivatives for the respective subsystem model,
wherein output of the second derivative component
provides to a simulator the computed second input
variables and residuals for respective subsystem mod-
els, such that the simulator simulates dynamic behav-
ior of the engineering system using the computed
second input variables and residuals of respective
subsystem models, wherein state variable derivatives
used by arespective subsystem model simulation pro-
cess to perform integration between communication
points remain localized within the subsystem model
simulation process and are not visible to other sub-
system model simulation processes.

15. A computer program product in accordance with claim
14, wherein the residuals are second residuals, said second
derivative component further causes the processor to com-
pute input increments and first residuals for each of the plu-
rality of subsystem models based on corresponding predic-
tors.

16. A computer program product in accordance with claim
14, wherein said computer-executable components further
comprise a first derivative component that when executed by
a processor causes the processor to compute the output
derivatives related to the corresponding first input variables
for each of the plurality of subsystem models to facilitate
computing the Jacobian matrix.

17. A computer program product in accordance with claim
14, wherein said Jacobian matrix component further causes
the processor to factorize the Jacobian matrix.

18. A computer program product in accordance with claim
17, wherein said Jacobian matrix component further causes
the processor to:

assemble the residuals; and

compute input increments based on the factorized Jacobian

matrix to compute the second input variables.

19. A computer program product in accordance with claim
14, wherein said computer-executable components further
comprise an output component that when executed by a pro-
cessor causes the processor to compute outputs for each of the
plurality of subsystem models based on corresponding cor-
rectors.

20. A computer program product in accordance with claim
19, wherein said output component further causes the proces-
sor to store in a memory area one or more of the Jacobian
matrix, the output derivatives, the first input variables, the
second input variables, the residuals, and the outputs.
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